We investigate the effects of the anomalous magnetic moment (AMM) in the EoS of a fermion system in the presence of a magnetic field. In the region of strong magnetic fields (B > m 2 ) the AMM is found from the one-loop fermion self-energy. In contrast to the weak-field AMM found by Schwinger, in the strong magnetic field case, the AMM depends on the Landau level (LL) and decreases with it. The effects of the AMM in the EoS at intermediate-to-large fields can be found introducing the one-loop, LL-dependent AMM in the effective Lagrangian that is then used to find the thermodynamic potential of the system. We compare the plots of the parallel and perpendicular pressures versus the magnetic field in the strong field region considering the LLdependent AMM, the Schwinger AMM, and no AMM at all. The results clearly show a separation between the physical magnitudes found using the Schwinger AMM and the LL-dependent AMM. This is an indication of the inconsistency of considering the Schwinger AMM beyond the weak field region B < m 2 where it was originally found. The curves for the EoS, pressures and magnetization at different fields give rise to the wellknown de Haas van Alphen oscillations, associated to the change in the number of LL contributing at different fields.
I. INTRODUCTION
As it is known, the equation of state (EoS) plays a crucial role in determining the structure of neutron stars. The EoS is configured from the star inner content and external conditions as density, temperature, applied fields, etc. The fact that magnetic fields of strength sufficiently large to affect the matter state often exist in many compact objects, have motivated many studies of magnetic-field effects on stellar EoS's [1, 2, 4-7, 9, 13, 16, 20-22, 24] .
A magnetic field can affect a fermion system in various ways. It produces the well-known Landau quantization in the spectrum of the charged fermions. It leads to an anisotropy between the parallel and transverse pressures. It can couple with the anomalous magnetic moment (AMM) of particles affecting their spectrum and consequently influencing the physical properties of the system. This coupling with the AMM can affect even neutral particles, as neutrons, which have an effective AMM due to their composite nature. The study of the effects produced by the AMM on magnetized neutron stars has unveil some interesting features [2, 7, 9, 22, 24] , as for example, stiffening the EoS, a dramatic variation of the proton fraction that at very high magnetic fields will lead to pure neutron matter, etc. However, when considering potential AMM effects one should be careful of using values of the AMM that are consistent with the region of magnetic field strengths to be explored.
The AMM is commonly introduced via the so-called minimal coupling with the external field τ σ µν F µν . For τ = κµ B , with κ = α 2π and µ B = e 2m , it reduces to the well-known, linear-in-field AMM found by Schwinger [23] . It is important however to keep in mind that Schwinger's radiative correction to the magnetic moment is only valid at weak fields. Ignoring this limitation can lead to an overestimation of the AMM effects or, as pointed out many years ago by Jancovici [17] , to wrong physical interpretations.
In this paper we calculate the one-loop radiative correction to the AMM in the strong field region (m 2 ≪ B ≤ µ 2 ) and analyze its contribution to the main thermodynamical quantities and the EoS of a magnetized system of charged fermions. Just for comparison, and to underline the inconsistency of using Schwinger's AMM beyond the weak-field approximation, we include in our plots the results considering the AMM from Schwinger.
Even though the Maxwell contribution to the pressure and energy is important for applications to astrophysics, throughout the paper we ignore this contribution as we are interested here just in finding how the AMM affects the thermodynamical quantities and this only comes from the matter contribution to the thermodynamic potential.
The presentation is organized as follow. In Sec. II we extract the AMM and mass contributions from the one-loop fermion self-energy in the presence of a constant and uniform magnetic field. Both the AMM and the mass one-loop correction depend on the Landau level (LL) l. In Sec. III, we present the fermion's dispersion relations for an effective theory that incorporates the interaction of the external magnetic field with the AMM. We compare the dispersions considering the Schwinger AMM (beyond its region of validity) and the LL-dependent AMM found in Sec. II. In Sec. IV the thermodynamical magnitudes of the system in the strong field region are obtained and compared with the ones found using the Schwinger approximation for the AMM and zero AMM. Finally, in V we state our concluding remarks.
II. AMM IN THE STRONG FIELD REGION
Our goal is to extract the AMM from the one-loop fermion self energy Σ l (p) in a theory of charged fermions interacting with a constant, uniform and strong magnetic field (B > m 2 ). A constant and uniform magnetic field breaks the rotational symmetry of the system to the subgroup of rotations O(2) about the field axis. This explicit symmetry breaking is reflected in the general structure of the fermion self energy, which, for a field arbitrarily taken along the third axis, can be written as [10] For arbitrary Landau level l, the one-loop self-energy is given by [11, 12] 
where
the fermion propagator, and
the spin projectors. The operator Π(l),
appears because only one spin projection contributes to the lowest Landau level (LLL). Here we are assuming, without lost of generality, B along z and a positively charged fermion. Normalized quantities, denoted with a hat, are defined by
To find the expression (2) for the self-energy, we summed in all the internal Landau levels and considered a strong-field approximation.
Taking into account the algebra of the spin projectors ∆(±)∆(±) = ∆(±), ∆(±)∆(∓) = 0, one can readily extract the LLL (l = 0) contribution to Eq. (2), which after Wick rotation (p 0 → −ip 4 ), becomes
Note that Eq. (6) reflects the fact that fermions in the LLL have only one spin orientation, and as a consequence, it is impossible to determine M 0 and T 0 independently [11, 12] . For l = 0 we obtain
In Eqs. (7) and (8) we already took the infra-red limit (p 0 = 0, p 3 → 0) and integrated in q 2 . Following the same steps in (6) we find
which in the leading strong-field approximation reduces to Fig. 1 shows the one-loop contribution of the AMM to the fermion self-energy versus 2eB/m 2 for l = 0, 1, 5 and for Schwinger. Notice that just by increasing the LL in a few units, the AMM becomes negligible. This is a consequence of the different sign between the two terms in (7), which tend to cancel out with increasing l. In contrast, the Schwinger contribution T Sch = κµ B B, which is linear in the field, increases significantly, but this occurs in a region where the validity of the linear approximation used to find this AMM is not correct. Notice that the AMM becomes negligible just after a few levels. Considering the Schwinger AMM, which is the same for all the levels, completely overestimates the actual physical AMM value in the strong-field region.
III. DISPERSION RELATIONS
We can incorporate the vacuum quantum effects in the fermion propagator by introducing the corrections coming from the one-loop fermion self-energy, that is, the AMM and the radiative correction to the mass. With these quantum corrections, the dispersion relations of the fermions are found from
For l ≥ 1 they take the form
while for the LLL (l = 0) they become
In the weak-field case studied by Schwinger [23] , the dispersion relation becomes
and the energy spectrum is
Notice that the dispersion relations based on Schwinger weakfield results do not include the radiative correction to the mass.
They have been been used in this way in many works in the literature, and here we keep the same approach in order to compare with the literature's results and also to underline where it may not be appropriate. For all the l > 0, ignoring the quantum correction to the mass is actually fine, as this correction just enters as an addition to the fermion mass, and it is negligible compared to the bare fermion mass. A problem may appear however if one follows the same approach with the LLL dispersion. As the Schwinger AMM is independent of the LL, in the past some authors [3, 8, 19] considered that the lowest rest energy of the fermions, which would correspond to the LLL, should be
We do not agree that this is the correct expression of the LLL rest energy in the Schwinger approximation, even if the field is kept in the weak-field approximation where Schwinger AMM is valid. As can be seen from (1), in the LLL the single spin projection of the fermions makes it impossible to find the AMM separately from the mass, so in this case both the mass and the AMM corrections enter as a net correction to the bare mass. This statement is independent of the fieldapproximation considered. We will return to a detailed discussion of this issue in a future paper [15] . Since (16) has been considered in the literature as the LLL particle rest energy and just for the sake of understanding, we will compare ε 0 Schw with the LLL rest energy found within our strong field approximation
to illustrate how much one may over-or under-estimate the physical quantities when using the Schwinger AMM beyond the region of validity of the linear approximation. In Fig. 2 we plot ε On the other hand, for the weak-field region, the influence of ε 0 Schw in the physical magnitudes becomes more and more significant when the field approaches m 2 , a region where the validity of the weak-field approximation becomes rather questionable. On the other hand, we suspect that the use of (16) in the thermodynamic potential may contribute to the reported stiffening of the EoS produced by the AMM [5, 24] . One should be careful then when doing astrophysical interpretations of the AMM effects if these two issues are not properly addressed.
Notice that the threshold field marking the validity of the Schwinger AMM approximation is B ≃ 10 13 G for electrons and B ≃ 10 15 G for u quarks with current mass of 5M eV . 
IV. THERMODYNAMICAL MAGNITUDES
Let us find the impact of the AMM in the thermodynamical magnitudes as particle density, energy density, magnetization and parallel and perpendicular pressures. With this goal in mind, we shall find the matter contribution Ω M to the thermodynamical potential of the theory, including the one-loop radiative contributions found in Sec. II (and Schwinger again just for comparison) and considering the system at finite temperature and density
here p * ν = (ip 4 − µ, 0, √ 2eBl, p 3 ) and β is the inverse absolute temperature.
The thermodynamic potential Ω M (B, µ, T ) can be split into a vacuum contribution Ω V M (B, 0, 0), which needs to be renormalized and depends on the magnetic field, and a statistical contribution Ω S M (B, µ, T ),
The renormalized vacuum contribution was found in [14] . In the following derivations we neglect it, since we are interested here in a region of fields 2eB < µ 2 where the thermodynamic contribution to the physical magnitudes is more important than the vacuum one.
As mentioned in the Introduction, we are not including the Maxwell term, since in this paper we are only interested in reporting how the thermodynamical magnitudes depend on the AMM. However, we call attention that for any application to neutron stars, the Maxwell contribution should not be ignored.
We take the zero temperature limit of Eq. (18), which is of more interest for eventual applications to neutron stars, where µ ≫ T . The zero-temperature, statistical part then becomes
], AMM,
where I[z] denotes the integer part of z. In Eq. (20),
is the LLL contribution, and
Since we are approximating Ω M ≈ Ω S0 M , the zero temperature matter contribution to the magnetization M, particle density N , energy density, and pressures can be found from the following formulas
27) where
V. NUMERICAL RESULTS
For the numerical results we concentrate in the region of fields 0.1 < 2eB/µ 2 < 1, which is consistent with all the assumptions made in our calculations. In Fig. 3, Fig. 4 and Fig. 5 we plotted the normalized quantities M · B/µ 4 , E/µ 4 , and P /µ 4 , P ⊥ /µ 4 respectively, versus 2eB/µ 2 for three cases: one containing the radiative contribution of the LL-dependent AMM (Eqs. (7)- (9)), other with the Schwinger AMM, and another without AMM.
In all the graphs we can see that as the magnetic field grows, the plots using the Schwinger AMM differ more and more from those with the LL-dependent AMM or with zero-AMM. The last two practically overlap in the entire region, indicating that for strong field, the AMM is not relevant for the thermodynamical properties of the system. With the exception of the magnetization, using the Schwinger AMM underestimates the corresponding physical magnitude. In all the cases, using the Schwinger AMM leads to an overestimation of the relevance of the particle's magnetic moment in the thermodynamics of the system. When one uses the consistent approximation for the AMM in the strong-field region, the effect of the AMM in the EoS is practicably negligible. This is in sharp contrast with the claims made at weak fields [5, 24] , where the AMM from Schwinger has been interpreted as responsible for the stiffness of the EoS. It is hard to understand how the magnetic moment can contribute to make the EoS stiffer at weak fields and do nothing at much stronger fields. This is another reason that points to some potential issues with the use of ε 0 Schw in the LLL dispersion, as already pointed out.
VI. CONCLUSIONS
In this paper we calculate the one-loop radiative correction of the AMM in the strong field region (m and analyze its contribution to the main thermodynamical quantities and to the EoS of a magnetized system of charged fermions. Just for comparison, and to underline the inconsistency of using Schwinger's AMM beyond the weak-field approximation, we include in our plots the results considering the AMM from Schwinger.
Our main finding is that the AMM has a negligible effect on the thermodynamical magnitudes of the system in the strongfield region. We did not observe any stiffness of the EoS, not even for the strongest fields considered. Our findings are at odd with several previous literature results [2, 7, 9, 18, 22, 24] . On one hand, we underline that considering the Schwinger AMM correction in the fermion propagator is only consistent at very weak fields. Hence any conclusion reached by using the Schwinger AMM at fields beyond m 2 is simply incorrect. Moreover, issues with the weak-field approximation may even show up already when the field approaches the critical value eB c = m 2 , from below, so any conclusion based on the behavior of the physical magnitudes in this region should be taken with a grain of salt. Finally, considering only the AMM, but ignoring the radiative mass correction in the LLL dispersion relation is inconsistent, because these two magnitudes are of the same order and enter as a shift to the bare mass. Given that the stiffness of the EoS has been found precisely in the region close to the threshold field, where both the weak-field approximation becomes less effective and the LLL becomes more relevant, we suspect that they both are the culprit behind the odd effect of the AMM in the EoS.
We admit that at this point all our claims about the issues with the effects of the AMM at weak fields are just a hunch supported by some hand-waiving arguments. In the near future, we plan to do the calculations of the EoS in the weakfield region using the Schwinger AMM and considering the correct radiative contribution to the LLL dispersion relation to corroborate or disprove our claims.
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